Abstract. We present a heuristic argument based on Honda-Tate theory against many conjectures in 'unlikely intersections' over the algebraic closure of a finite field; notably, we conjecture that every abelian variety of dimension 4 is isogenous to a Jacobian. Using methods of additive combinatorics, we are able to give a negative answer to a related question of Chai and Oort where the ambient Shimura Variety is a power of the modular curve.
Introduction
In [1] , Chai and Oort ask the following (folklore) question: For every algebraically closed field k and g ≥ 4, does there exist an abelian variety A over k which is not isogenous to the Jacobian of a stable curve. It is natural to interpret this question by looking the moduli space A g of principally polarized abelian varieties of dimension g: let τ g ⊂ A g be the Torelli locus of Jacobians of Stable curves, and T n τ g be the locus abelian varieties with a degree n isogeny to the Torelli locus. Then an equivalent formulation of the conjecture is the statement that there exists a k-point of A g outside the countable union of these proper subvarieties. In other words, n T n τ g (k) = A g (k).
In this form, it becomes natural to replace τ g by any proper subvariety and retain the statement of the conjecture. Using this interpretation, it becomes a simple matter to verify the conjecture for uncountable fields k, and even those with sufficiently large(≥ g 2 +g 2 ) transcendence degree over their prime field. However, the cases of Q and F p prove substantially more difficult. The characteristic 0 case was settled by the second-named author in [14] , using a strategy of Chai and Oort outlined in [1] relying on the Andre-Oort conjecture 1 about CM points in subvarieties. Though an analogous strategy cannot work over F p as every point is a CM point, the prevailing opinion seems to be that the answer to the question should nevertheless be 'yes'. In this paper, we present a heuristic probabilistic argument for deciding such conjectures, and conjecture based on this heuristic the answer should be 'no' over F p for g = 4.
1 Now a theorem for Ag [15] 1 1.1. Plan for the rest of the paper. In §2, we present our heuristic, and lay out our main conjectures. In §3 we discuss sizes of isogeny classes of Principally Polarized Abelian Varieties. We detail some conjectures about sizes of isogeny classes over finite fields and present some partial results. In §4, we provide evidence for our conjectures by providing an explicit hypersurface in X(1) 270 which we prove intersects every isogney class. Our proof relies heavily on results in additive combinatorics.
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The Heuristic
2.1. Honda-Tate Theory. In this section we describe our heuristic. We first restrict to the setting of ordinary abelian varieties: Let V ⊂ A g be a subvariety of dimension d intersecting the ordinary Newton stratum, and let V be defined over the finite field F q . Our idea is to count the number of ordinary F q n -isogeny classes weighted by their size, that show up in A g (F q n ) for large n. By the Honda-Tate theorem, isogeny classes are in bijection with certain type of q n -weil numbers. One can count these rather easily by looking at weil-polynomials 2 and arrive at an answer of roughly q n g 2 +g 4 . As such, one would expect the size of each ordinary isogeny class to also be roughly q points in A g (F q n ). Now, we have a natural map from V (F q n ) to isogeny classes of Abelian varieties, and the underlying assumption we make for our heuristic is to treat this as a random map. Now, V (F q n ) has roughly q nd points, which leads us to a natural conjecture.
There is a caveat to be had: if V is contained in the mod-p reduction of a characteristic-0 proper Shimura subvariety of A g , then there will be Weyl CM points that neither V nor its reduction can contain. We rule this out by insisting that for a prime ℓ not dividing q, the ℓ-adic monodromy of V is Zariski-dense in the symplectic group GSp 2g . Thus, our conjecture is: Conjecture 2.1 (The ordinary stratum). Let V ⊂ A g be an irreducible subvariety of dimension d, whose ℓ-adic monodromy is Zariski dense in GSp 2g .
, then for each ordinary abelian variety A over F p , there exist infinitely many points in V (F p ) corresponding to abelian varieties which are isogenous to A. If, on the other hand, V does not satisfy 2 Remember our dimension g is fixed and the finite field Fqn is growing; otherwise this would be quite thorny! either the monodromy condition or the dimension condition, then there exists an abelian varietiy A over F p such that no points in V (F p ) corresponding to abelian varieties which are isogenous to A.
2.2.
Non-ordinary Newton strata. We now deal with the other Newton strata. To that end, let A be a principally polarized abelian variety, let W be its Newton polygon, and let N (W ) be the open Newton stratum of A g consisting of all abelian varieties whose Newton polygon is W . By work of Oort (see [8, §5] ), every Newton stratum decomposes into an almost product of what he terms as "Central leaves" and "Isogeny leaves".
The central leaf through A consists of all abelian varieties in N (W ) whose p-divisible group is isomorphic to A[p ∞ ]. The isogeny leaf through A is a maximal irreducible subscheme of A g , conisting of all abelian varieties A ′ in N (W ) with the property that A ′ is isogenous to A through an isogeny with the kernel being an extension of α p group schemes. The dimensions of the central leaves and isogeny leaves through A depend solely on the Newton polygon of A. Using the computations in [9, §5] , we see that the number of Weil q n -numbers with Newton polygon W is of size O(q n c 2 ), where c is the dimension of the central leaf associated to A (it is exactly of size q n c 2 when n is sufficiently divisible).
Suppose that V ⊂ A g is a d-dimensional subvariety that intersects N (W ). Then the assumption we make for our heuristic is to treat the map from V (F q n ) to the set of Weil q n -numbers with Newton polygon W as a random map, but we consider the dimension of the projection of V ∩ N (W ) onto a central leaf instead of the dimension of V ∩ N (W ). We impose this condition because we wish to rule out the case of V ∩ N (W ) being a positive dimensional fibration over a subvariety over the central leaf. Analogous to Conjecture 2.1, our expectation is: Conjecture 2.2 (Arbitrary Newton strata). Suppose that W ⊂ A g is a closed subvariety as above, and let d be the dimension of the projection of dim V ∩ N (W ) onto a central leaf. If d > c/2, and the ℓ-adic monodromy of V ∩ N (W ) is Zariski dense in GSp 2g , then for each abelian variety A over F p with Newton polygon W , there exist infinitely many points in V (F p ) corresponding to abelian varieties which are isogenous to A. If, on the other hand, V does not satisfy either the monodromy condition or the dimension condition, then there exists an abelian varietiy A over F p with Newton polygon W such that no points in V (F p ) corresponding to abelian varieties which are isogenous to A.
2.3.
Abelian varieties isogenous to Jacobians. We expect that the Torrelli locus τ g satisfies the conditions required by Conjecture 2.1 if g ≤ 9 (this is certainly the case for the ordinary locus, and the Newton stratum having codimension 1, where the central leaf equals the whole Newton stratum). Therefore, we expect that every ordinary abelian variety over F p of dimension ≤ 9 is isogenous to the Jacobian of some curve. In the case where g = 4, the Newton strata which have codimension ≥ 2 are easy to handle, as we demonstrate below: Proposition 2.1. Let A be a 4-dimensional principally polarised abelian variety over F p contained in a Newton stratum of codimension ≥ 2. Then A is isogenous to a jacobian.
Proof. Let x ∈ A 4 (F q ) correspond to the point A. We claim that τ 4 ⊂ A 4 passes through a point isogenous to x.
First, note that τ 4 is an effective divisor of A 4 , whose picard group is Z. Therefore, the class of τ 4 is ample. This implies that τ 4 will intersect the closure of every positive dimensional subvariety of A 4 in its Baily-BorelSatake compactification, which we call A 4 .
By [8, Proposition 4.11] , I x is proper (Oort proves this for every Newton stratum), and is positive dimensional (whence the restriction that the Newton stratum of A has codimension ≥ 2). Because I x is positive dimensional, its closure has to intersect the closure of τ 4 in A 4 . However, because I x is proper, it is closed in A 4 . Therefore, this intersection must happen in the interior. The proposition follows.
We thus end the section with the following conjecture: Conjecture 2.3. Every 4-dimensional abelian variety over F p is isogenous to the Jacobian of some curve.
Remark. While our conjectures imply that for g ≤ 9 every ordinary abelian variety should be isogenous to a Jacobian, there are other Newton polygon strata which suggest the opposite unless they have excessive intersection with the Torelli locus. It seems that it is hard to compute the precise dimension of these intersections, so we are hard pressed to formulate a general conjecture in this case.
Isogeny classes of Abelian varieties
Let A be principally polarised abelian variety of dimension g defined over F q , which is ordinary and geometrically simple. Let α denote the corresponding Weil-number. Define K = Q(α). The field K is a CM field, and define K + to be the maximal totally real subfield of K (of degree g over Q). Let α 1 , α 2 , ..., α g , q/α 1 , . . . , q/α g denote the image of α under the 2g complex embeddings of K. Let θ 1 , . . . θ g denote the arguments of α 1 , . . . α g .
Define I(q n , A) denote the set of principally polarised abelian varieties defined over F q n that are isogenous to A, and let N (q n , A) = #I(q n , A).
+o(1) . Moreover, for a positive density of integers n, we have N (q n , A) = q n(g(g+1))/2 ) 1 2 +o(1) .
In this section, we prove Conjecture 3.1 in the case of elliptic curves, prove the lower bounds for arbitrary g in the case where there exist g conjugates of the Weil-number of A which are multiplicatively independent. Zarhin in [16] proves that this always happens if g = 2 or 3.
3.1. Deligne's category. We recall Deligne's description of the category of ordinary abelian varieties over F q . To ease the exposition, we work with abelian varieties which are geometrically simple. Let R n = Z[α n , (q/α) n ], which is an order inside the CM field K. We say that I ⊂ K is a fractional ideal of R n , if I is a non-trivial finitely generated R-submodule of K. Let I n denote the set of fractional ideals of R n . We define C n = I n / ∼, where I 1 ∼ I 2 if there exists some x ∈ K × such that xI 1 = I 2 . The following result is proved in [2] Theorem 3.1 (Deligne). The set of abelian varieties defined over F q n isogenous to A is in bijection with the elements of C n .
3.1.1. Polarizations. In his paper [4] , Howe describes polarizations on ordinary abelian varieties in terms of their Deligne modules. We recall this description for later use. Let Φ denote the CM-type on K induced by A. Let I ∈ C n . By [4, Proposition 4.9], a polarization on the abelian variety corresponding to I is given by a Z-valued bilinear form on I which is of the form (x, y) → Trace K/Q (λxy),
where:
(1) y corresponds to complex conjugation on K applied on y.
(2) ( , ) restricted to I ⊂ K is integral. (3) The element λ ∈ K, is purely imaginary, and has the property that φ(λ)/i is positive for φ ∈ Φ. The pair I, λ is isomorphic to the pair νI, ννλ, for ν ∈ K × . The polarization is principal if I is self dual for the form.
Isogeny classes of Elliptic cures.
We now prove Conjecture 3.1 in the case g = 1. To that end, let E denote an ordinary elliptic curve over F q . We let α, K and R denote the same objects as above.
+o(1) . Moreover, for a density-one set of
. Alternatively, writing α = q 1 2 e(θ) we see that Im(α n ) = q n 2 sin(nθ). Note that since E is an ordinary elliptic curve, θ/π is irrational.
Every order O ⊂ K is Gorenstein, and hence every element of C n lies in Cℓ(O) for some unique O. Therefore, we have
Thus, we see that
+o (1) as desired.
On the other hand, for a set density one of integers n we have that sin(nθ) > 1/n, and then
+o(1) .
Class groups and isogeny classes.
We retain notation from earlier in the section. Let R + n = Z[α n + q/α n ], an order of the totally real field K + . For brevity, let R + denote R + 1 . Proposition 3.3. The subset of I(q, A) with endomorphism ring exactly equal to R is either empty, or in bijection with the kernel of the norm map
Here, Cℓ + (R + ) is the narrow class group of the totally real order R + .
Proof. The set of abelian varieties defined over F q with endomorphism ring R is in bijection with Cℓ(R). Suppose that an invertible ideal I is self dual for some ( , ), i.e. there exists a principally polarised abelian variety with endomorphism ring R. For any invertible R-ideal J, the lattice dual to IJ contains IJ The abelian variety corresponding to IJ will be principally polarized if and only if there exists a totally positive β ∈ R + ⊗Q such that IJ is self-dual for the form
that is if IJ = IJ −1 /β, that is J is in the kernel of the norm map.
Proposition 3.4. Suppose that q 1/2 , α 1 , . . . , α g are multiplicatively independent. Then, for a positive density of n, there exists a principally polarized abelian variety in I(q n , A) having endomorphism ring R n .
Remark. In fact, there exists c ∈ Cℓ + (R + ) with the following properties:
(1) The class of c in Cℓ(R + ) is trivial.
(2) The set of principally polarized abelian varieties isogenous to A with endomorphism ring exactly R is in bijection with the pre-image of c in Cℓ(R).
The content of Proposition 3.4 is to prove that under the above conditions on α, there exists a set of integers n with positive density such that c ∈ Cℓ + (R + ) is the trivial element.
Proof of Proposition 3.4. Recall that the abelian variety A gives rise to a CM type Φ of K. We retain the notation of Proposition 3.3. Without loss of generality, let φ j (α) = α j , where
We claim that the set of n for which the bilinear form on R n given by (x, y) → Trace K/Q (λ n xy),
satisfies the polarization conditions has a density of 1/2 g . Indeed, λ n is purely imaginary, and we only need verify when the positivity conditions hold.
Recall that we defined θ j to be the argument of α j = φ j (α). Therefore,
(cos(nθ j ) − cos(nθ k )). Thus, the result follows if we prove that the set of positive integers which for all 1 ≤ j ≤ g satisfy sin(nθ j ) j =k (cos(nθ j ) − cos(nθ k )) > 0 has a density of 1/2 g . We have assumed that the set {1, α 1 , . . . α g } is a multiplicatively independent set. It follows that the elements 2π, θ 1 , . . . θ g are Q-linearly independent, and thus the sequence (nθ 1 , . . . nθ g ) is equidistributed modulo the box [0, 2π] g . The locus of points in [0, 2π] g which satisfy the necessary inequalities is open, and has measure 1/2 g . The proposition follows.
Remark. We consider the set of points (θ 1 . . . θ g ) ∈ R g which have the property that for some 1 ≤ j ≤ g,
This set is clearly a union of hyperplanes of the form θ j = mπ and θ j ± θ k = 2mπ, as m varies over Z. In fact, the space R g along with this set of hyperplanes is exactly the affine apartment of the simple group Sp 2g .
We have identified a subset of I(A, q n ) with a fiber of the map N : Cℓ(R n ) → Cℓ + (R + n ), and have proved that if 1, α 1 , . . . α g are multiplicatively independent, then for a positive proportion of n, the fiber is non-empty. The following theorem follows from these facts, and from Lemma 3.6 below:
Lemma 3.6. For a density-one set of positive integers n, we have
Proof. It suffices to prove the result with Cℓ(R + n ) in place of Cℓ + (R + n ). For ease of notation, let α g+j ∈ C denote q/α j , for 1 ≤ j ≤ g. We also define
As n approaches ∞, the class group of R n (and of R + n ) is well approximated by the square-root of its discriminant, so it suffices to prove that for a positive density of integers n, Disc(R n )/Disc(R + n ) has the same order of magnitude as (q n )
Translating this in terms of polar coordinates, we see that
and that
By Lemma 3.7 below, we have that Disc(R ′ ) = q ng(g−1) Disc(R). Therefore, the quotient of the orders of the classgroups is approximated by
It is easy to see that the term involving sines and cosines is absolutely bounded above, and is greater than 1/n for a density-one set of positive integers. The result follows.
Lemma 3.7. We have that Disc(R ′ n ) = q ng(g−1) Disc(R n ). Proof. We do the computation for n = 1, as there is no loss in generality. Further, because α is a local unit at every prime l such that l = p, the discriminants can differ only at p. Suppose that R = R 1 and
The image of α in K ⊗ Q p will be of the form (γ, q/γ), where γ is a unit in O K + p . The image of β is (q/γ, γ).
and α n converges p-adically to (1, 0)
The latter statement is true because γ is a unit in Z p [γ] . We observe that Disc(Z p [q/γ]) = q g(g−1) Disc(Z p [1/γ]) which finishes the proof in this case.
Proofs for powers of the modular curve
The analysis in the previous section works just as well (in fact its quite a bit easier) for powers of the modular curve X(1) n parametrizing n-tuples of elliptic curves. In this case, however, there is also a large advantage in that the isogeny orbits break up into product sets which allow us to use methods of additive combinatorics. This section is devoted to the proof of the following theorem:
Theorem 4.1. For any n ≥ 270, there exists a proper subvariety V ⊂ X(1) n Fp such that for every point (j(E 1 ), . . . , j(E n )) there exist elliptic curves
, where E i isogenous to
Chai and Oort (see [1, §4] ) ask whether there exists a proper subvariety of product of modular curves which intersects every ordinary isogeny class. The content of Theorem 4.1 is that the answer to the above question is yes.
The idea of the proof is to first use sum-product theorems to grow our product-sets, and then use billinear forms and a standard trick with completing our sum over a finite field. We begin by recalling some lemmas, starting with Rusza's triangle inequalities: We shall also require sum-product results for finite fields not of prime order:
Lemma 4.4. Let F be a finite field. Suppose that A ⊂ F is such that for any field F 1 ⊂ F and constant c ∈ F we have |A ∩ (cF 1 )| < max(|A| −o (1) , and the result follows.
For x, y ∈ F n q we define x · y = i x i y i . We shall need the following combinatorial lemma, due to Shparlinski [12, Lemma 5] , for which we give a proof for completeness.
Lemma 4.7. Let F q be a finite field, n be a positive integer, an A, B be subsets of F n q not containing 0. Suppose that A × B does not intersect the variety x · y = 0. Then |A| · |B| ≤ q n+2 .
Proof. Let f (x, y) be 1 iff x · y = 0, and 0 otherwise. Then applying CauchySchwartz, we get: P (x 6i+1 , x 6i+2 , x 6i+3 )P (x 6i+4 , x 6i+5 , x 6i+6 ). P (x 6i+1 +c 2i−1 , x 6i+2 +c 2i−1 , x 6i+3 +c 2i−1 )P (x 6i+4 +c 2i , x 6i+5 +c 2i , x 6i+6 +c 2i ).
And let R(x 1 , . . . , x 6N ) = c∈{0,1} 2N Q c . Combining Lemmas 4.7 and 4.6 we obtain: Lemma 4.8. Let F be a finite field of order q. Suppose that A 1 , . . . , A 6N ⊂ F are subsets such that |A i | are of size q Proof. of Theorem 4.1. Note that it is enough to handle the case of n = 270, since for m > n we can just pull back under the co-ordinate projection X(1) m → X(1) n . Hence, we assume that n = 270. Assume first that x = (x 1 , . . . , x n ) ∈ X(1) n with all the x i corresponding to ordinary elliptic curves. Then by Theorem 3.2, we see that for q a large power of p, the set I i = I(x i )(F q ) of points isogenous to x i over F q is of size q We thus define our variety V to be the union of R = 0 and the hypersurface S defined by any of the co-ordinates being supersingular. This completes the proof.
